In 1990, Cvetković and Rowlinson conjectured that among all outerplanar graphs on n vertices, K 1 ∨ P n−1 attains maximum spectral radius. In this note, we prove the conjecture when n ≥ 17.
v in G, d G (v) is defined as |N G (v)|, and d S (v) := |N G (v) ∩ S|. Let A, B ⊂ V (G) be two disjoint sets. We denote by N A (B) := ∪ v∈B N A (v) and by e G (A, B) the number of edges with one end-vertex in A and the other one in B. If there is no danger of ambiguity, we use e(A, B) instead of e G (A, B) . An outerplanar graph is (edge)-maximal if no edge can be added to the graph without violating outer planarity. Let A(G) be the adjacency matrix of G and λ(G) be spectral radius of A(G). For articles on minors in spectral graph theory, we refer the reader to [8, 10] .
Our proof of Theorem 1 needs a well-known fact (see Ex 11.2.7 in [1] ) and an upper bound of spectral radius of outerplanar graphs. Lemma 2. Let G be a maximal outerplanar graph of order n ≥ 3. Then G has a planar embedding whose outer face is a Hamilton cycle, all other faces being triangles.
Lemma 3 (Shu and Hong [7] , see also [6, Theorem 2.3] ). Let G be a connected outerplanar graph. Then
Proof of Theorem 1. For any integer n ≥ 17, let G n be an outerplanar graph which attains maximum spectral radius among all outerplanar graphs of order n, and let λ := λ(G n ) be its spectral radius. In the rest, we use G instead of G n for convenience. Obviously, G is connected. By the Perron Frobenius Theorem, G has a Perron vector such that each eigenvector entry is positive. Let X be a normalized one such that the maximum entry is 1. For any vertex v ∈ V (G), we write x v for the eigenvector entry which
The first claim gives us nearly tight lower bound of λ.
Proof. Let Γ = K 1 ∨ C n−1 . Suppose that Y = (y 1 , y 2 , . . . , y n ) t is the Perron vector of Γ, where y 1 corresponds to the vertex with degree n − 1. By symmetry, y 2 = y 3 = · · · = y n−1 = y n . Then λ(Γ)y 1 = (n − 1)y 2 , λ(Γ)y 2 = y 1 + 2y 2 and y 2 1 + (n − 1)y 2 2 = 1. It follows that λ(Γ) = 1 + √ n and y 2 2 = 1 2(n− √ n) . Let an edge e ∈ E(C n−1 ) and Γ ′ = Γ − e. Then
As a warm up, we quickly determine general structure of G[A].
Claim 2. G[A]
is a union of some disjoint induced paths.
Proof. We first claim that G[A] contains no vertex of degree at least 3 in A. Suppose not. Then there is a K 2,3 in G[A ∪ {u}], a contradiction. We secondly claim that there is no cycle in G[A]. Suppose not. Then we can contract a cycle into a triangle, and there is a K 4 in the resulting graph. That is, there is a K 4 -minor in G, a contradiction. From above two claims, we conclude that G[A] is the union of some induced paths, in which we view an isolated vertex also as an induced path.
We would like to say d u is near n − 1. Before this, we must connect d u and λ by the following. Claim 3.
Proof. Note that for any v ∈ S, we have λx v > x u = 1. By Lemma 3, we obtain
. The first inequality below was used by Tait and Tobin (see the proof of Lemma 4 in [9] ), which also appeared in [4] .
This completes the proof.
Since G is outerplanar, G[B] is also outerplanar. We suppose that
The following claim gives a tight upper bound of the sum of all degrees of vertices of B in G, which plays a central role in our proof. Since adding a new edge can increase the value of the spectral radius, G is also an edge-maximal outplanar graph. So, Lemma 2 can be used here.
Since G is K 2,3 -minor free, B i has at most 2 neighbors in A; since otherwise, we contract all vertices of B i into a single vertex, and would find a K 2,3 in the resulting graph. So d A (B i ) ≤ 2. Recall that G is an edge-maximal outerplanar graph. By Lemma 2, there is a Hamilton cycle in G. Thus, d A (B i ) = 2. This proves Claim 4(i).
(ii) Fix i ∈ [1, t]. By Claim 4(i), we can assume that N A (B i ) = {x, x ′ }. By Lemma 2, there is a planar embedding of G, say G, such that its outer-face is a Hamilton cycle. Let P := xp 1 p 2 · · · p s x ′ be the (x, x ′ )-path on the Hamilton cycle passing through all vertices in B i . That is, B i = {p 1 , . . . , p s }. Throughout the proof of this claim, when there is no danger of ambiguity, we do not distinguish G and G.
Suppose that |B i | ≥ 2. We first claim that there are no subscripts j, k such that 1 ≤ j < k ≤ s and xp k , x ′ p j ∈ E(G). Suppose not. Then we first contract three paths p 1 · · · p j , p k · · · p s and xux ′ into vertices w 1 , w 2 and an edge xx ′ , respectively, and then contract the path w 1 p j+1 · · · p k−1 w 2 into an edge w 1 w 2 , resulting a K 4 . Thus, we can find a K 4 -minor in G, a contradiction. In the following, set l 1 := max{q : p q x ∈ E(G)} and l 2 := min{q : p q x ′ ∈ E(G)}. So, we know l 1 ≤ l 2 . Also, G 1 := G[{x, p 1 , . . . , p l 1 }] is outerplanar, and hence e(G 1 ) ≤ 2(l 1 +1)−3 = 2l 1 −1. Note that G 2 := G[p l 1 , . . . , p l 2 , x, x ′ ] is outerplanar. Thus, if l 2 ≥ l 1 + 1, then e(G 2 ) ≤ e(G[{p l 1 , . . . , p l 2 }]) + 2 ≤ 2(l 2 − l 1 + 1) − 3 + 2 = 2(l 2 − l 1 ) + 1; if l 1 = l 2 then e(G 2 ) = 2. Let G 3 := G[{p l 2 , . . . , p s , x ′ }]. Then e(G 3 ) ≤ 2(s − l 2 + 1 + 1) − 3 = 2(s − l 2 ) + 1.
Observe that for any i ∈ [1, l 1 ] and j ∈ [l 2 , s] such that i < j, we have p i p j / ∈ E(G), since otherwise we can find a K 4 -minor in G similarly as above. Hence e(G[B i ∪ {x, x ′ }]) = e(G 1 )+e(G 2 )+e(G 3 )−2, where the term "-2" comes from the fact that the edges xp l 1 , x ′ p l 2 are counting twice when considering e(G 1 ) + e(G 2 ) + e(G 3 ).
If
Thus, for any i ∈ Note that y∼u z∈N (y)∩B x z = v∈B d A (v)x v . By using Claim 4 (ii), we can estimate the upper bound of v∈B d A (v)x v as follows.
Recall Claim 4(i). We know B i has two neighbors in A. Since G contains no K 2,3 -minor, there is at most one vertex in B i with two neighbors in A. Set
.
This proves the claim.
Next, we aim to show that
holds for n ≥ 18. This finally results in d(u) > n − 1, and implies |B| ≥ 2 is not true. By (1) and (2), we infer
By Maple program, one can find f (17) = 0.2762. (4) implies that 1 −
But this inequality is wrong when n = 17, also a contradiction. So, we have |B| ≤ 1. Suppose that |B| = 1. At this point, we can know more information on G[A] than Claim 2.
Claim 6. G[A]
is an induced path.
Proof. By Claim 1, G[A] is a union of disjoint induced paths. Since G is an edge-maximal outerplanar graph, by Lemma 2, G has a planar embedding, say G whose outer face is a Hamilton cycle, all other faces being triangles. If G[A] is not an induced path, then the fact |B| = 1 implies there is an inner face in G which is not a triangle, a contradiction. This proves the claim.
Finally, we show that, indeed, B is an empty set.
n−2 and vv k , vv k+1 ∈ E(G). Let X = (x u , x 1 , . . . , x n−2 , x v ) t be the eigenvector corresponding to λ(G), where x u = 1,
x v corresponds to v, and x i corresponds to v i for i = 1, . . . , n − 2. Set x j = max{x i |i = 1, . . . , n − 2}. By Claim 1, λ ≥ √ n + 1 − 1 n− √ n ≥ 3 if n ≥ 9. Then λx v = x k + x k+1 ≤ 2x j , which implies that x v < x j . Since λx j ≤ x u + v k ∼v j x k + x v < 1 + 3x j , it follows that x j < 1 λ−3 . Also, since λx 1 > x u , we have x 1 > 1 λ . Now let G ′ := G−vv k −vv k+1 +vu+vv 1 . Then λ(G ′ )−λ(G) ≥ 2X t (A(G ′ )−A(G))X = 2x v (x u + x 1 − x k − x k+1 ) > 2x v (1 + 1 λ − 2 λ−3 ). By computing,
To ensure λ 2 −4λ−3 λ(λ−3) > 0 holds, we only need λ > 2 + It follows that G = K 1 ∨ P n−1 , completing the proof. Remark 1. Let G be a planar graph which attains maximum spectral radius among all planar graphs on n ≥ 17 vertices. Although it is difficult to obtain a precise formula of λ(G), we have the following
In particular, the restriction n ≥ 17 in Theorem 1 was used in order to ensure that f (n) > 0 (see (5)).
